
Real Analysis Exchange

Krzysztof Pªotka, Department of Mathematics, University of Scranton,
Scranton, PA 18510, USA. email: krzysztof.plotka@scranton.edu

LARGE MULTIPLICATIVE GROUP OF

HAMEL FUNCTIONS

Abstract

We construct a multiplicative group of cardinality continuum that is
contained (with the exception of the constant function equal to one) in
the class of Hamel functions and prove that there is no such group of
greater cardinality.

The symbols N, Q, and R denote the sets of positive integers, rational, and
real numbers, respectively. The cardinality of a setX is denoted by the symbol
|X|. In particular, |N| is denoted by ω and |R| is denoted by c. We consider
only real-valued functions. No distinction is made between a function and
its graph. For any two partial real functions f, g we write fg for the product
function de�ned on dom(f)∩dom(g). For B ⊆ R2, LinQ(B) denotes the linear
subspace of R2 over Q generated by B. For a ∈ R, consta denotes the function
consta : R → R, consta(x) = a for all x ∈ R. For A ⊆ R, idA denotes the
identity function de�ned on A. Additionally, if c ∈ R then cA = {ca : a ∈ A}.

Recently, there have been a lot of attention devoted to �nding "large"
vector spaces contained in various families of real functions (see [1, 2, 3, 7, 8]).
In this article we will consider �less restrictive� structures, namely groups. In
case of many classes of functions the problem of �nding a large group is trivially
solved by using already known results about vector spaces contained in those
classes (as these vector spaces have maximal possible dimensions). However,
in certain situations looking for the "largest" group may be of interest.

Recall that a function f : R → R is a Hamel function (f ∈ HF) if the graph
of f is a Hamel basis for R2. We will use the symbol PLIF to denote the
set of all functions f : X → R (X ⊆ R) whose graph is linearly independent
over Q as a subset of R2. It is known that HF ∪ {const0} doesn't contain a
vector space of dimension greater than 1. In [8] it is proved that there exists
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an additive group of size continuum that is contained (with the exception of
the zero function) in the class of Hamel functions. Additionally, [7] contains a
construction of an additive semigroup of cardinality 2c (maximum possible) in
HF. More recently, in [4], the authors construct a free group of the size c with
respect to the operation of composition that is contained (with the exception
of the identity function) in the class of Hamel functions. ((G, ◦) is a free group
if there exists a subset S ⊆ G, called a set of generators for G, such that every
nonidentity element of G can be uniquely represented as a product of �nitely
many powers of elements of S.) The authors also ask a question whether such
a group can have a larger cardinality. We prove below that it is not possible.

Remark 1. Every group with respect to the operation of composition that is

contained in HF ∪ {idR} has cardinality at most c.

Proof. Let G ⊆ HF ∪ {idR} be a group with respect to the operation of
composition of functions such that |G| > c. Then there exist two di�erent
functions f, g ∈ G ∩ HF such that f |{1, 2} = g|{1, 2}. This implies that
f−1 ◦g ̸= idR, f

−1 ◦g|{1, 2} = id{1,2}, and consequently, f−1 ◦g|{1, 2} /∈ PLIF.
Therefore f−1 ◦ g /∈ HF ∪ {idR} (a contradiction). □

A very similar argument can be used to show the following.

Remark 2. There is no multiplicative (additive) group contained in HF ∪
{const1} (HF ∪ {const0}) of cardinality greater than c.

The following fact will be useful in the proof of the main result of this
article.

Fact 3. [5, Fact 2.2] Let f : R → R be a function such that f ∈ PLIF. Then
f ∈ HF if and only if {0} × R ⊆ LinQ(f).

Theorem 4. There exists a free multiplicative group contained in HF ∪
{const1} with c many generators.

Proof. Let G ⊆ HF ∪ {const1} be a a free multiplicative group such that
g(x) ̸= g(−x) for all x ∈ R and g ∈ G \ {const1}. Assume that S ⊆ G is a set
of generators for G such that |S| < c (so obviously |G| < c). We will show that
there exists a function f ∈ HF \G such that S ∪ {f} is a set of generators of
a free group contained in HF ∪ {const1} and gfk(x) ̸= gfk(−x) for all x ̸= 0,
g ∈ G, and k ∈ Z \ {0}.

Fix an enumeration of R = {xξ : ξ < c} such that x0 = 0. The construction
of f is carried out by induction through de�ning a sequence of partial functions
fβ (β < c) with the following properties:

(i) fα ⊆ fβ for α < β;
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(ii) |dom(fβ)| ≤ max{ω, |β|, |G|} and xβ ∈ dom(fβ);

(iii) gfk
β ∈ PLIF for all g ∈ G and k ∈ Z \ {0};

(iv) (0, xβ) ∈ LinQ(gf
k
β ) for all g ∈ G and k ∈ Z \ {0};

(v) gfk
β (x) ̸= gfk

β (−x) for all x ∈ dom(fβ) ∩ (−dom(fβ)) \ {0}, g ∈ G, and
k ∈ Z \ {0}.

We start by de�ning f0(x0) = f0(0) in such a way that f0(0) ̸= 0 and fk
0 (0) ̸=

g(0) for all g ∈ G and k ∈ Z \ {0}. Next, assume that β < c and the
functions fζ are de�ned for ζ < β and are satisfying the conditions (i)-(v).
Put h =

⋃
ζ<β fζ . Note that |dom(h)| ≤ max{ω, |β|, |G|}. If xβ /∈ dom(h),

then choose

h(xβ) /∈ {0} ∪
⋃

k∈Z\{0}

±|y| 1k : y ∈
⋃
g∈G

LinQ

(
1

g(xβ)
range(ghk)

)
\ {0}

 .

Note that the above choice is possible since the set on the left has cardinality
less than c as |G| < c. Additionally, this choice assures that ghk ∈ PLIF
and ghk(x) ̸= ghk(−x) for all x ∈ dom(h) ∩ (−dom(h)) \ {0}, g ∈ G, and
k ∈ Z \ {0}.

Next, we will extend h so that the condition (iv) holds for fβ = h (and the
other conditions are preserved). Fix an enumeration {(gξ, kξ) : ξ < κ} of the
set G × (Z \ {0}) (note that κ ≤ max{ω, |G|} < c). We will de�ne sequences
{zξ : ξ < κ}, {h(zξ) : ξ < κ}, and {h(−zξ) : ξ < κ} such that

(1) zξ = 0 or zξ /∈ LinQ(dom(h) ∪ {zγ : γ < ξ});

(2) ghn
ξ ∈ PLIF for all g ∈ G and n ∈ Z \ {0};

(3) (0, xβ) ∈ LinQ(gξh
kξ

ξ );

(4) ghn
ξ (−zξ) ̸= ghn

ξ (zξ) for all g ∈ G, n ∈ Z \ {0}, and zξ ̸= 0,

where hξ = h ∪ {(zγ , h(zγ)) : γ ≤ ξ} ∪ {(−zγ , h(−zγ)) : γ ≤ ξ}.
Put z0 = 0 (note that h(z0) = h(0) = f0(0)) and assume that zγ , h(zγ),

h(−zγ) are de�ned for γ < ξ satisfying the above conditions. If (0, xβ) ∈
LinQ(gξ

⋃
γ<ξ h

kξ
γ ), then put zξ = 0 (note that h(zξ) = h(0) = f0(0)). If

(0, xβ) /∈ LinQ(gξ
⋃

γ<ξ h
kξ
γ ), then choose zξ /∈ LinQ(dom(h) ∪ {zγ : γ < ξ}).
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Let q ∈ {−1, 1} be such that
qxβ−gξ(zξ)t

gξ(−zξ)
> 0 for all 0 ≤ t ≤ b for some b > 0.

We will de�ne h(zξ) and h(−zξ) in such a way that

gξ(zξ)(h(zξ))
kξ + gξ(−zξ)(h(−zξ))

kξ = qxβ and

g(zξ)(h(zξ))
n + g(−zξ)(h(−zξ))

n /∈ LinQ(range(g
⋃
γ<ξ

hn
γ ))

for all g ∈ G and n ∈ Z \ {0} such that (g, n) ̸= (gξ, kξ).
Consider Fg,n : [0, b] → R de�ned as

Fg,n(t) = g(zξ)t
n
kξ + g(−zξ)

(
qxβ − gξ(zξ)t

gξ(−zξ)

) n
kξ

for g ∈ G and n ∈ Z \ {0} such that (g, n) ̸= (gξ, kξ). If g ̸= gξ, then Fg,kξ
is

a line with a nonzero slope. Indeed,

Fg,kξ
(t) =

g(zξ)gξ(−zξ)− g(−zξ)gξ(zξ)

gξ(−zξ)
t+ qxβ

g(−zξ)

gξ(−zξ)
.

If g(zξ)gξ(−zξ) − g(−zξ)gξ(zξ) = 0, then g
gξ
(zξ) =

g
gξ
(−zξ). This would be a

contradiction as g
gξ

∈ G \ {const1} and, by the assumption about G, g
gξ
(x) ̸=

g
gξ
(−x) for all x ̸= 0. Hence |{t ∈ [0, b] : Fg,kξ

(t) ∈ LinQ(range(g
⋃

γ<ξ h
kξ
γ ))}| ≤

max{ω, |dom(
⋃

γ<ξ hγ)|} for g ∈ G \ {gξ}.
In the case n ̸= kξ, basic calculus techniques can be used to show that

the preimage of every point under Fg,n is �nite for all g ∈ G. Therefore,
for all (g, n) ∈ G × (Z \ {0}) \ {(gξ, kξ)} we have that |{t ∈ [0, b] : Fg,n(t) ∈
LinQ(range(g

⋃
γ<ξ h

n
γ ))}| ≤ max{ω, |dom(

⋃
γ<ξ hγ)|}. Additionally, it can be

easily seen that for each (g, n) ̸= (const1, 0) there is only a �nite number of t's
in [0, b] for which

g(zξ)t
n
kξ = g(−zξ)

(
qxβ − gξ(zξ)t

gξ(−zξ)

) n
kξ

.

Therefore, we conclude that there exists a t0 ∈ (0, b) such that for all (g, n) ∈
G× (Z \ {0}) \ {(gξ, kξ)} we have

g(zξ)t
n
kξ

0 + g(−zξ)

(
qxβ − gξ(zξ)t0

gξ(−zξ)

) n
kξ

/∈ LinQ(range(g
⋃
γ<ξ

hn
γ )) and

g(zξ)t
n
kξ

0 ̸= g(−zξ)

(
qxβ − gξ(zξ)t0

gξ(−zξ)

) n
kξ

.
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De�ne h(zξ) = t
1
kξ

0 and h(−zξ) =
(

qxβ−gξ(zξ)t0
gξ(−zξ)

) 1
kξ . This completes the

de�nition of hξ. Note that if (0, xβ) /∈ LinQ(gξ
⋃

γ<ξ h
kξ
γ ), then

(−zξ, gξh
kξ

ξ (−zξ)) + (zξ, gξh
kξ

ξ (zξ)) = (0, qxβ),

and therefore, (0, xβ) ∈ LinQ(gξh
kξ

ξ ). Additionally, observe that ghn
ξ ∈ PLIF

for all g ∈ G and n ∈ Z \ {0} as, by assumption, g
⋃

γ<ξ h
n
γ ∈ PLIF and, if

zξ ̸= 0, then zξ /∈ LinQ(dom(
⋃

γ<ξ hγ)) and

ghn
ξ (−zξ) + ghn

ξ (zξ) /∈ LinQ(range(g
⋃
γ<ξ

hn
γ )).

Hence hξ satis�es the conditions (2)-(4). Put fβ =
⋃

ξ<κ hξ. It easily follows
from the de�nition of fβ that it satis�es the conditions (i) and (ii). Addition-
ally, the conditions (2)-(4) imply the conditions (iii)-(v), respectively.

Finally, we de�ne f =
⋃

β<c fβ . The conditions (i) and (iii)-(iv) together

with Fact 3 imply that gfk ∈ HF for all g ∈ G and k ∈ Z \ {0}. And since
fk(0) ̸= g(0) for all g ∈ G and k ∈ Z \ {0} we conclude that S ∪ {f} is a set
of generators of a free group contained in HF ∪ {const1}. □
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