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Abstract

In 2003, Ruscheweyh and Suffridge settled a conjecture of Pdlya
and Schoenberg on subordination of the de la Vallée Poussin means
of an analytic function by defining a continuous extension of the de la
Vallée Poussin means using a differential equation. We extend this dif-
ferential equation to a more general setting and observe that a similar
subordination result with convex functions holds. Through an inte-
gral operator of Bernardi, particular convex subordination chains are
constructed with specified limiting functions. Lastly, we show the im-
portance of convexity by producing an example of a family of starlike
solutions that fails to be a subordination chain.

1 Introduction

The de la Vallée Poussin means are defined by

21
vn(f,t)—;/o wn(t — TV f(F)dr, neN

T
where f is a periodic real-valued function and

_2"(n!)? S S 20\ ikt
wn(t) = @n)! (14 cost)" = @ k:Z_n (n N k)e k

are the de la Vallée Poussin kernels. We cast these means in terms of
complex-valued analytic functions using the Hadamard product. Let f(z) =
Yol ganz™ and g(z) = > o7 by 2" be analytic in the unit disk A. Then the
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function f * g given by (f * g)(z) = > " anbp2z™ is called the Hadamard
product of f and g. Define

n

_ 2n 1\ k
Vn(z)—(zg);<n+k>z, neN zeA.

Let Ho(A) = {f : fis analytic in A, f(0) = 0}. For f € Ho(A), Vi, f is the
nt" de la Vallée Poussin mean of f. The function Vj, * f is a polynomial of
degree n that approximates f in the sense that as n tends to infinity, V;, % f
tends to f locally uniformly.
Let
S ={f € Ho(A): f'(0) =1, fis univalent in A}

be the family of normalized univalent analytic functions and let
K ={fe€S: f(A)is convex},

S*={fe€S: f(A)is starlike with respect to the origin},

and
C={feS: f(A)is close-to-convex}

be the family of normalized convex, starlike, and close-to-convex univalent
analytic functions, respectively. We will say a function f is convex, starlike,
or close-to-convex if f(z)/f’(0) defines a function in K, S*, or C, respec-
tively. For f and g in Ho(A), we say f is subordinate to g, written f < g,
if there exists a function w € Ho(A), |w(z)] < 1 for z € A, such that
f(2) = g(w(2)). If g is univalent and f(A) C g(A), then f < g.

In 1958, Pélya and Schoenberg [4] examined several shape-preserving
properties of the de la Vallée Poussin means and conjectured if f € K, the
subordination chain

Vis f<Vasf << f
exists. In 2003, Ruscheweyh and Suffridge [6] proved that the functions V;,

satisfy the differential equation

1—2z z

zV)((z)+)\1+ZV>\(z) :)\1—1—2"

Va(0) =0 (1)

when A\ = n. Additionally, this differential equation has analytic solutions
whenever A > 0. This led to the following result of Ruscheweyh and Suffridge
[6] which settled Pdlya and Schoenberg’s above conjecture.



Theorem 1 (Ruscheweyh, Suffridge). For f € K, we have V) x f € K, for
all X > 0. Furthermore,

Vasxf<Vuxf=<f 0< A < s

The structure of the differential equation (1) is critical to the proof of
the previous theorem and motivates this paper. We will explore mapping
properties of solutions of

SF(2) 4 M FA() = A(z),  FA(0) =0, A >0 (2)

where 1 is an analytic function in A with positive real part, (0) = 1, and
¢ € Ho(A) with ¢/(0) = 1. In the following sections, we extend a subor-
dination result of Ruscheweyh and Suffridge for convex functions using the
differential equation (2). Through an integral operator of Bernardi, con-
vex subordination chains are constructed with specified limiting functions.
Lastly, we show the importance of convexity by producing an interesting
example of a family of starlike solutions that fails to be a subordination
chain.

2 Subordination Chains

Our main result on the subordination of families of solutions of the differ-
ential equation (2) is given in the following theorem.

Theorem 2. If F is a convex solution of the differential equation (2) for
each A > 0, then Fy, < F\, whenever 0 < A\ < Aa.

To prove this, we will use the following result of Pommerenke [5].

Theorem 3 (Pommerenke). Let a > b and f : A x [a,b] — C. Assume the
following.

1. f(-,t) € Ho(A) for each t € [a,b].
2. f(-,a) is univalent in A.

0f(z,t)

0z |,

3. > 0 for each t € [a,b].

4. f(z,) € Ca,b] for each z € A.



If h: A x [a,b] — C defined by
9f (1) 0f (1)
ot 0z

satisfies the condition Reh(z,t) > 0 for all z € A and t € [a,b], then f(z,t)
is a univalent subordination chain. That is, f(-,t) is univalent in A for each
fized t € [a,b] and f(-,s) < f(-,t) whenever a < s <t <b.

= h(z,t)z

The proof of Theorem 2 generalizes the proof Ruscheweyh and Suffridge
[6] used when proving {V)},>¢ is a subordination chain.

Proof of Theorem 2. Let A1 and Ay be fixed with 0 < A\ < A\g. Let t € [0, 1]
and define f(z,t) = tF),(z) + (1 — t)F)\,(2). Then f(z,t) is analytic in z
for each ¢t € [0,1] and f(z,0) = F),(2) is univalent. Also, f(z,-) € C[0,1].
Since F3(0) = A/(1+ X), we have
8f(Z, t) )\2

= =t +(1-1)

> 0.
0z |,_g 1+X

1—|—>\1

We need to show

0f(z 1)
_ ot _ Fy, () — Fy, (2)
h(z,t) = = ; -
Z@f(z,t) t2Fy, (2) + (L —t)2F (2)
0z
has positive real part, or equivalently 1/h(z,t) has positive real part, for

z € A and ¢t € [0,1]. Using the fact that F\,,i = 1,2, is a solution of
ZF)l\i(Z) + \iv(2) Fy, = Aip(2), we have

Az Fy (2) — Mz Fy (2)

Fu(e) = Fn(s) ) ®)
We will show
Re ( 2B, 2) ) >0, zeA (4)
F>\2(Z)—F)\1(Z) ' .

This in conjunction with equation (3) will imply
2F (z
e (2

F>\2<z) - F)\l(z)

>>0, z€A

and
I:(f (), z A
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since Rey(z) > 0, z € A. We have shown that F\, < F), on each disk
A, ={z:|z| <r}if, and only if, inequality (4) holds on that disk.

We proceed as follows. Since F} (0) = Ao/(1+ X2) > M /(1 + \1) =
F)’\I(O), there exists an r > 0 such that Fy, < F), on A,. Choose r as large
as possible such that F\, < F), on A,, but F),(21) = F),(22) for some z,
zo with |z1| = |22| = r and assume r < 1.

First, suppose z1 = zo. Because Fy, < F), in A,, Fy,(z) = F),(w(z))
for some w € Ho(A) with |w(z)| < |z| when |z| < r. Since z; = 22 and
F\,(z1) = Fx,(22), w(z1) = z1. A result of Julia [2, p. 28] gives w'(21) > 1.
Since A2t (%) has no poles in the unit disk and since F), and F), are
univalent, by equation (3), A2z1Fy (21) = Mz1Fy, (21) # 0. Then, again
using subordination in A,, we have

AME,, (21) = MFy, (w(z1))w'(21) = A Fy, (21)w(21).

However, this gives a contradiction since w’(z1) > 1 but A2 > A;.

Second, suppose z1 # z2. By assumption, F), is convex, and therefore,
the image of the circle 0A, has positive curvature everywhere. We also have
that inequality (4) holds at every point on the circle 0A,. Thus, the left
hand side of (4) has a positive minimum p on dA,. Hence, on A,, we have

zF>’\2 (2)
e (FAQ (2) — Fa(2)

s {ome (i) 250

This implies, by the comments following inequality (4), that subordination
holds in a larger circle, contradicting the choice of . Therefore, r = 1, and
we have the desired result. O

>>p>0.

However,

Additionally, we can establish a subordination relationship using the
following result of Miller and Mocanu [3, p. 70] regardless of the geometric
properties possessed by F).

Theorem 4 (Miller, Mocanu). Let ® € K and let U be analytic in A, with
ReWU(z) >0, z € A. If F is analytic in A and if

F(2)+¥(2)2F'(z) < ®(z), ze A

then F' < ®.



A simple manipulation of the differential equation (2) gives

Therefore, we have the following corollary.

Corollary 5. If F\, v, and ¢ are as in differential equation (2), /¢ € K,
and Fy is analytic, then F\ < ¢/.

The solutions Fy, A > 0, will be analytic if ¢ € S* by the Integral
Existence Theorem given by Miller and Mocanu in [3, p. 50]. Also, as
A tends to infinity in equation (5), F)\ appears to tend to ¢/v¢. Thus, if
{F)\} >0 is a subordination chain and if F\, A > 0, is convex, we would
expect the limiting function ¢/ to be convex. Because of this, it would not
be very restrictive to require ¢/t to be in K in the differential equation (2)
if needed to obtain a subordination chain.

3 Convex Subordination Chains from the Bernardi
Integral Operator

In this section, we exploit the structure of the differential equation (2) and
a connection to a well-studied integral operator to provide families of sub-
ordinate solutions. This work supports the idea that convexity is critical in
obtaining subordination chains. Providing further evidence of this, we will
later produce a family of starlike solutions of differential equation (2) that
is not a subordination chain.

3.1 Integral Form of the Solutions

Recall in the differential equation (2), v is analytic in A with positive real
part, ©(0) =1, and ¢ € Ho(A) with ¢'(0) = 1. Let g € Ho(A), g(z) # 0 for
z € A\ {0}, be defined such that z¢'(z)/g(z) = 1(z). Then a calculation

gives

LA )
) = 2 [ Sl ) dw. (©

By making the substitution w = tz, 0 < t < 11in (6), F\, A > 0, is
independent of the choice of the branch of the exponential function. In
this form, we now see that Fy = A/(A + 1) x\[¢/¥], A > 0, where I is
defined for f € Ho(A) by

Igalf1(2) = [2(;]1 /0 " ) [g(w) g (w) duw. (7)
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A summary of several results on I, x which frequently rely on the Briot-
Bouquet differential equation can be found in [3].

3.2 Solutions Subordinate to ¢

Let f € Ho(A) where f(z) = 2+ > 07 5 a,2". For ¢ =1,2,3,..., Bernardi
[1] defined

L) = e+ 02 [Tur i dw—z+2(c“) 0

which generalizes the Libera integral operator. By letting ¢)(z) = 1 in the
differential equation (2), we see F\ = I, :[¢], A = 1,2,3,.... Bernardi
[1] showed I, .[f] preserved some geometric characteristics of the function
f. In addition, a subordination relation was established. A sequence of
complex numbers, {b,}°° ,, is a subordinating factor sequence if for g(z) =
Yol bpz™ and each f € K, f*g < f. The main results from [1] are

summarized in the following theorem.

Theorem 6. The function I, [f] as defined in (8) is convex, starlike, or
close-to-convex whenever f is convex, starlike, or close-to-convex, respec-
tively. In addition, the sequence {(c + 1)/(c + n)}22, is a subordinating
factor sequence. In other words, if f € K, I, .[f] < f

Additionally, Miller and Mocanu [3, p. 67] proved the Bernardi inte-
gral operator preserves the families of convex, starlike, and close-to-convex
functions for ¢ such that Rec > 0. Thus, we have the following theorem.

Theorem 7. In the differential equation (2), let (z) =1 and ¢ € K where
d(z) =z+ > 07 5anz". Then

A+1 # A+1
;\L F,\(z):()\+l)z_)‘/0 “Lo(w dw—z+z<)\in) 2"

Furthermore,

F)\l-<F)\2-<¢, 0< A < A

Hence, in this case, {F)}>0 is a subordination chain and {(A+1)/(A +

© . is a subordinating factor sequence for A > 0.

n) n=1
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Figure 1: Let ¢¥(z) =1/(1+ z) and ¢(z) = z/(1 + z). Above are the graphs
of Fy(e®) for A =1, 2, 3, 5.2 and the unit circle.

3.3 Solutions Subordinate to the Identity Function

Theorem 8. Let ¢(z) = z/(1 +7z) and (z) = 1/(1 +~vz), |7| <1, in the
differential equation (2). Then Fx, A > 0, is conver and

F)\1-<F)\2—<I, 0< A < Ao

where I(z) = z.

See Figure 1 for an example. To prove this theorem, we will use the
following lemmas.

Lemma 9. Let ¢(z) = z/(1 + vz) and ¢(z) = 1/(1 +~vz), |v| < 1, in
the differential equation (2), and let a(n,\) be the coefficient of 2™ in the
expansion of F, A > 0. Then

A A+1
A )= (2" A).
NpdmAtD (n+A+1>a(n’ )

Proof. If Fy is a solution of the differential equation (2) with ¢ and v as
given above and || < 1, a(n, \) must satisfy the difference equation

(n+ X+ 1a(n+ 1,A) + nvya(n, A) = 0.



Solving this gives

(—1)n iy =L(n — DIAT(A + 1)

a(n, A) = T(n+A+1)

Of course, this result also applies when A is replaced by A + 1. O

Lemma 10. Let ¢(z) = z/(1 +vz) and ¥(z) = 1/(1 +vz2), |y| < 1, in the
differential equation (2). For X > 0, if the solution F) is convez, then Fxi1
18 convez.

Proof. By Lemma 9, we know

(A+1)2 .
Fyt1(2) A+ 2) Z a(n, \)z".

n:l

Thus, by the comments following Theorem 6, Fy1 is convex whenever F)
is convex. [

By Lemma 10, if F) is convex for 0 < A < 1, then {F)\} >0 is a subor-
dination chain by Theorem 2. In [7], Selinger proved if g(z) = z/(1 + vz2),
7| <1,and 0 < A < 1, I, \[K] C K. Using this and the above lemmas, we
now prove Theorem 8.

Proof of Theorem 8. Let ¢ (z) = 1/(1 + vz). Then g(z) = z/(1 + vz) in
equation (6). By Theorem 6 in [7], F) is convex for 0 < A < 1. By Lemma
10, F) is convex when A > 0. Lastly, by Theorem 2 and Theorem 4,

Fy, < Fy, <1, 0< A1 < Ao

4 A Starlike Example

We conclude by presenting a case where the ratio ¢/1¢ and the solutions of
differential equation (2) are starlike, but the family of solutions is not a sub-
ordination chain. Additionally, Theorem 4 fails to extend for these starlike
functions. This case demonstrates the importance of convexity in obtaining
subordination chains from families of solutions of differential equation (2).
Let ¥(z) = (1 — 2)/(1 + 2) and let ¢(z) = z/(1 + 2)2. Notice the
similarity between differential equation (1) and differential equation (2) with
this choice of ¢ and ¢. Write the solutions F)(z) = Qx(2)/(1 + z) where



Qx(z) = > 07, bp2™. Since F) is a solution of the differential equation (2),
@) must satisfy

(14 2)2Q)\(2) + (A = (A +1)2)Qu(2) =
and hence, the coefficients b,, of @) must satisfy the difference equation
(n+1+XNbptr1+ (n—1—XN)b, =0.

By solving the difference equation, we have

o

AL2(A\ + 1)
F'A+1+n)I'(A+2—n)

2", (9)

The difference equation for the coefficients of @0y is not too dissimilar from
the difference equation that the coefficients of the de la Vallée Poussin means,
Vi, A > 0, satisfy, and as it turns out, there is an interesting relationship
between @) and V). Solving the difference equation derived from differential
equation (1), we obtain

s 2\ +1)
n:lr A+1+n)(A+1-n)

o (10)

By the properties of the Gamma function, we have

o0

1+z A2\ + 1) .
TA+1+n)I(A+2—n)

o0

+

n—1

n=1
A2(A +1) .
1FA—|—1+n F'(A+2—-n)

n

_ 2\ +1)
_m+2>\()\+1)ZF(A+2+n)F()\+2—n)Z

n

A 2\ Z I2(\+2) "
“arTarl —TA+2+n)I(A+2-n)

2\ 1
= m (2 + V>\+1(Z)> .

a6 - (327) () (3+1ne).
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and )
Qi) 1 V)

Qx(z) 14z 1724 Vau(z)

Taking f(z) = z/(1 — z) in Theorem 1, we see V\y1(A) is starlike with
respect to —1/2. From this, it is easily shown that Q) is starlike of order
1/2. That is, Re (2Q)(2)/Q@x(2)) > 1/2. To conclude that F) is starlike, we
will use the following known lemma which is easily verified.

Lemma 11. Let F(z) = f(2)g(2)/z. If f and g are starlike of order 1/2,
then F s starlike.

Thus, we have the following.

Theorem 12. Let ¢(z) = (1 — 2)/(1 + 2) and ¢(z) = 2/(1 + 2)? in the
differential equation (2). Then Fx, X\ > 0, is starlike.

Proof. Since

z
B Qx(2) 1 —|—zQ)‘(Z)
F/\(Z) - 1 - ’
+ 2 z
and @y and z/(1 4 z) are starlike of order 1/2, the function F) is starlike
by Lemma 11. O

Remark 1. From the work above,

RE) = 3o (5 1a0).

Therefore, Re F(e?) > 0 because z/(1+ 2)? is real and positive for z = e,
z # —1, and VA\(A) C {z : Rez > —1/2} for A > 0. Since Fy has an
infinite discontinuity at z = —1 and is starlike, as the argument 6 increases
from zero through 2w, F,\(Tew), 0 < r <1, must take on all values to the
left of Fx(e"). Thus, Fx £ ¢/v where ¢(2)/¢(2) = z/(1 — 22) is the two
slit mapping with slits on the imaginary azis beginning at +i/2. Not only
is the solution F\ not subordinate to the limiting function ¢/, but also, a
calculation shows Fy, A Fy, for 0 < A\ < Xa. See Figure 2.
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Figure 2: Let 1(z) = (1 — 2)/(1 + 2) and ¢(2) = z/(1 + 2)2. Above are the
graphs of F1(e?) and Fy(e?). Observe Fy £ Fy.
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